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In [2], A. Kotzig has introduced the concepts of P-groupoid and Pquasigroup 
and has shown how these concepts are related to the decomposition of a complete 
undirected graph into disjoint closed paths. To each closed path of the graph 
associated with a given P-quasigroup Q there corresponds a cyclic partial 
transversal in the Latin square L which is defined by the multiplication table 
of Q. In this paper, it is shown that cyclic transversals are connected with 
Hamiltonian decompositions of complete undirected graphs having an even 
number of vertices and a connection between the order of a particular type of 
P-quasigroup and the length of its cyclic partial transversals is established. An 
indirect connection with the work of Yap [4] is established via the concept of 
isotopy. 
In [2], Kotzig has introduced the concepts of P-groupoid and P-quasi- 
group and has shown how these concepts are related to the decomposition 
of a complete undirected graph into disjoint closed paths. By a P-groupoid 
is meant a groupoid (Q, .) with the following three properties: (i) a * a = a 
foralla~Q;(ii)a#bimpliesa#a~b#bforalla,b~Q;(iii)a~b=c 
implies and is implied by c . b = a for all a, b, c E Q. The correspondence 
between P-groupoids of n elements and decompositions of complete 
undirected graphs of n vertices into disjoint closed paths is established 
by labelling the vertices of the graph with the elements of the P-groupoid 
and prescribing that the edges (a, b) and (b, c) shall belong to the same 
closed path of the graph if and only if a * b = c, a # b. We easily deduce 
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that the number of elements of a P-groupoid is odd. A P-groupoid which 
is also a quasigroup is called a P-quasigroup. 
To each closed path of the graph associated with a given P-quasigroup 
Q there corresponds a cyclic partial transversal in the Latin square L 
which is defined by the multiplication table of Q. (The same concept has 
been studied by Yap in [4] for the case of Abelian groups and he has 
called it a “simple recurrence relation.“) Cyclic transversals turn out to 
be connected with Hamiltonian decompositions of complete undirected 
graphs having an even number of vertices and the question also arises as 
to whether any connections between the order of a given P-quasigroup 
and the lengths of its cyclic partial transversals can be established. 
Theorems 1 and 2 provide some information about these questions. 
DEFINITION I. A set of r (< n) cells of an n x n Latin square L which 
are such that at most one occurs in each row of L and at most one occurs 
in each column of L are said to form a partial transversal of the Latin 
square L. A partial transversal of the maximum length n is called a 
transversal of L. (Note: The necessary and sufficient condition that an 
n x n Latin square L have an orthogonal mate is that it possess a set of n 
disjoint transversals.) 
DEFINITION II. A Latin square L with elements 1,2,..., n is said to be 
horizontally complete if each ordered pair of integers r, s occurs exactly 
once in an adjacent pair of cells of some row of the square. 
The existence of a horizontally complete Latin square of order n 
implies the existence of a decomposition of the complete directed graph 
on n vertices into disjoint Hamiltonian paths as Mendelsohn has pointed 
out in [3]. 
THEOREM 1. If n is any odd positive integer, the set V = (1, 2,..., n} 
forms a P-quasigroup under the operation (v) defined by r * s = 2s - r 
(mod n) and this P-quasigroup dejines a partition of the complete undirected 
graph G, on n vertices into disjoint closed paths whose lengths are divisors 
of n and each of which passes through each vertex of G, at most once, 
If n is prime, the partition comprises +(n - 1) disjoint closed paths each of 
length n and each of which passes through all the vertices of G, . In that 
case, it also de$nes a decomposition of the complete directed graph H,,-l 
on n - 1 vertices into n - 1 disjoint Hamiltonian paths and a corresponding 
horizontally complete Latin square. 
In any case, the partition always includes paths of length It, the number 
of such paths being equal to +(n - 1 - d), where d denotes the number of 
positive integers less than n which are not prime to n. 
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Proof. We first show that the given operation (.) defines a 
P-quasigroup. We have r . r = 2r - r = r and r # r * s # s if r # s 
directly from the definition. Also, if r * s = t, then t . s = (2s - r) . s = 
2s - (2s - r) = r as required. 
Next, let r and s be arbitrary integers, 1 < r, s < n. We wish to find the 
closed path which contains the edge (r, s). We have r * s = 2s - r (mod n). 
Then, s . (2s - r) = 2(2s - r) - s = 3s - 2r, (2s - r) * (3s - 2r) = 
2(3s - 2r) - (2s - r) = 4s - 3r,... . Hence, each of the edges (r, s), -- 
(s, 2s - r), (2s - r, 3s - 2r), (3s - 2r, 4s - 3r) ,..., (hs - h - lr, h + 1s - hr) ,..., - - 
belongs to the same path. Now, (hs - h - lr, h + Is - hr) = (r, s) 
implies hs = hr (mod n) and so, if s - r is prime to n, we have h = n. 
The path is then of length n and passes through each vertex of G, just 
once since, if two vertices of the above path were the same, there would -- -- 
be integers k and I both less than n such that Is - I - Ir = ks - k - Ir 
(mod n), which would imply (I - k)(s - r) = 0 (mod n) and so I = k 
(mod n) ifs - r is prime to n. On the other hand, ifs - r is not prime to 
n, the smallest positive solution h* of the equation hs = hr (mod n) is a 
divisor of n and the length of the path which contains the edge (r, s) is 
then equal to h*. In this case, too, it is easy to see that the path does not -- 
pass through any vertex of G, more than once, since Is - I - Ir = 
ks - k - lr (mod n) implies that I - k is a multiple of h*. This proves 
the first statement of the theorem. 
Next, let us consider the paths which contain the vertex labeled 1. If 
s - 1 is not prime to n, the length of the path which contains the edge 
(1, s) is less than n and a divisor of n. Ifs - 1 is prime to n, the length of 
the path is equal to n. Thus, the number of paths of length n (each of 
which contains all the vertices of G, and, in particular, the vertex labeled 1) 
is equal to half the number of integers s - 1 for s = 2, 3,..., n which are 
prime to n. (Note that each path contains two edges passing through the 
vertex 1.) This number is &(n - 1 - d), where d denotes the number of 
integers less than n which are not prime to n. When n is prime, d = 0 
and, in that case, the partition comprises $(n - 1) disjoint closed paths 
each of length n and each of which passes through each vertex of G, just 
once. 
In the latter case (n prime), let one vertex of G, and all the edges which 
pass through it be deleted. The $(n - 1) disjoint closed paths of length n 
of G, then become Hamiltonian paths of Gnel . If we suppose that the 
vertex which is deleted is that labeled n (= 0), these Hamiltonian paths 
are the following: 
(k, 2k), (2k, 3k), . . . . . . . . (n - 2k, n - lk), 
where k takes the values I,2 ,..., 4(n - 1). 
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If we now suppose the graph to be directed and count each path in 
both senses, we get n - 1 directed Hamiltonian paths whose vertices and 
edges are given by the n - 1 rows of the following horizontally complete 
Latin square (see Table l), where all entries are to be reduced modulo n. 
The fact that the square is Latin follows from the facts that, for n prime, 
the integers r, 2r ,..., kr ,..., (n - 1)r are all distinct modulo II and that each 
vertex occurs exactly once on each path. This completes the proof of the 
theorem. 
TABLE 1 
1 2 3 . . . 
2 4 6 . . . 
. . . 
. . . 
. . . 
k 2k 3k a.* 
. . . 
. . . 
. . . 
n - 1 2(n - 1) 3(n - 1) ... 
r . . . n-2 n-1 
2r ... 2(n - 2) 2(n - 1) 
. . . 
. . . 
kr a** 
. . . 
k(n - 2) k(n - 1) 
. . . 
k(n - 1) ... (n - l)(n - 2) (n - l)* 
Next, let v1 , v2 , us ,..., vh be the vertices of a closed path of a complete 
undirected graph G, belonging to a partition of G, defined by a P-quasi- 
group (V, a) and which is such that the vertices v1 , v2 ,..., v, are all 
distinct. (The paths defined by the partitions obtained in Theorem 1 above 
are of this kind.) Then we have the relations vi . vi+1 = vi+2 for 
i = 1, 2,..., h - 2 and v~-.~ * vh = v1 , vh * v1 = v2 . Since the vertices 
Vl . v2 ,..., uh are all distinct, the cells v1 . va , v2 f v3 , v3 * v4 ,..., vhA1 . vh , 
v,, . v1 lie one in each row and one in each column of the multiplication 
table of (V, 0) and so the entries vg , v4 ,..., vn , vl, up in these h cells form 
a partial transversal of the Latin square formed by this multiplication 
table. We call a partial transversal of this kind a cyclic partial transversal 
of the quasigroup (V, a). If V has n elements, a cyclic partial transversal 
of the maximum length n is called a cyclic transversal. The question has 
been raised: “For what odd integers n do P-quasigroups with cyclic 
transversals exist?” We see that Theorem 1 allows us to give a complete 
answer to this question as follows: 
THEOREM 2. A P-quasigroup (V, *) which is isotopic to the Abelian 
group A,, formed by the integers 0, l,..., n - 1 under addition modulo n and 
which possesses cyclic transversals exists for every odd order n. If n is 
prime, the multiplication table of (V, *) can be separated into n disjoint 
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cyclic transversals (the case n = 5 is illustrated in Table 2). If n is composite, 
the multiplication table contains both cyclic transversals and also cyclic 
partial transversals, at least one of each length which is a divisor of n (the 
case n = 9 is illustrated in Table 3). 
TABLE 2 
(*) 1 2 3 4 5 
1 1 31 5* 2, 44 1.2=3 1.3=5 1*4=2 1.5=4 
2 54 2 41 1, 3, 2*3=4 3*5=2 4*2=5 5.4=3 
3 48 14 3 5, 2, 3.4=5 5+2=4 2*5=3 4.3=2 
4 32 5s 24 4 1, 4.5=1 2*4=1 5.3=1 3.2=1 
5 21 42 13 34 5 5*1=2 4*1=3 3.1=4 2*1=5 
TABLE 3 
(a) 1 2 3 4 5 6 7 8 9 
1 1 3 51 7, 9 2 4 6 8 
2 9 2 4 6, 8 1 3 59 7 
3 8 1 3 5 7, 9 2 4 6 
4 7 9 2 4 6 81 la 3 5 
5 6 8* 1 3 5 7 g1 2 4 
6 5 7 9 2 4 6 8 1, 3 
7 4, 6 8 1 3 5 7 9 2, 
8 3, 5 7 9 2, 4 6 8 1 
9 2 4, 6 8 1 3 5 7 9 
l-3=5 1.4=7 
3.5=7 4.7=1 
5.7=9 7-l =4 
7*9=2 
g-2=4 
2.4=6 
4*6=8 2*8=5 
6*8=1 8.5=2 
8.1 =3 5*2=8 
Proof. The P-quasigroup (V, *) with the properties stated is that 
defined on the set V = {I, 2,..., n} by the operation (*) given by r * s = 
2s - r (mod n). 
To see that this is isotopic to the group A, formed by the integers 
0, 1) 2 ,...) n - 1 under addition modulo n, we define one-to-one mappings 
8, rj of Vonto these integers by the relations r9 = -r for r = 1,2,..., n - 1 
and n0 = 0, sr$ = 2s (mod n) for s = 1,2 ,..., n - 1 and nq5 = 0. Then 
r . s = t in (V, .) implies and is implied by r0 + s# = t (mod n) in the 
Abelian group A,, . 
The remaining statements of the theorem are immediate consequences 
of Theorem 1 above. 
An investigation which has some connections with the result of 
Theorem 2 has recently been published [4] by Yap, who has shown that, if 
n=6morn=2”3~m(~3)where(6,m)=l,cu=0,2or3and/3=0, lor 
2, then there exists a finite Abelian group (of order > n) which has a cyclic 
partial transversal of length n. Yap has used the term “simple recurrence 
relation” for the concept which we have called a cyclic partial transversal. 
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Further details concerning P-quasigroups and a number of other con- 
nections between Latin squares and graphs will be found in the joint 
book [I] of the present authors. 
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